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Abstract
A face ∈F of a polyhedral graph G(V; E; F) is an 〈a1; a2; : : : ; al〉-face if  is an l-gon and
the degrees d(xi) of the vertices xi ∈V incident with  in the cyclic order are ai; i=1; 2; : : : ; l:
The lexicographic minimum 〈b1; b2; : : : ; bl〉 such that  is a 〈b1; b2; : : : ; bl〉-face is the type of
. All polyhedral graphs having only one type of faces are listed. It is proved that the set of
triangulations having only faces of di1erent types is non-empty and 2nite. ? 2002 Elsevier
Science B.V. All rights reserved.
1. Introduction
Let G=G(V; E; F) be a polyhedral graph with v= v(G)= |V (G)| vertices,
e= e(G)= |E(G)| edges and f=f(G)= |F(G)| faces.
The degree degG(x) of a vertex x∈V (G) is the number of edges incident with
x. M :={degG(x): x∈V (G)} is the degree set of G. :(G):=maxx∈V (G) degG(x) is the
maximum degree in G. vi = vi(G) is the number of vertices of degree i in G.
If xy∈E(G) and degG(x)=p; degG(y)= q¿p, then xy is of type 〈p; q〉.
∈F(G) is an 〈a1; a2; : : : ; al〉-face if  is an l-gon, ai ∈M; i=1; 2; : : : ; l and the
degrees degG(xi) of the vertices xi; i=1; 2; : : : ; k incident with  in the cyclic or-
der are a1; a2; : : : ; al, respectively. Obviously,  is also an 〈a2; a3; : : : ; al; a1〉-face, an
〈a3; a4; : : : ; al; a1; a2〉-face; : : : ; and an 〈al; al−1; : : : ; a2; a1〉-face.
The lexicographic minimum 〈b1; b2; : : : ; bl〉 such that  is a 〈b1; b2; : : : ; bl〉-face is
called the type of . G is said to be of type 〈b1; b2; : : : ; bl〉 if all its faces are of
type 〈b1; b2; : : : ; bl〉, and Pa1 ; a2 ; :::; al will denote the set of all polyhedral graphs of type
〈a1; a2; : : : ; al〉.
A polyhedral graph G is called oblique if all its faces are of di1erent type.
G is face transitive if for each pair ;  ∈F(G) there is an automorphism of G,
; :V (G)→ V (G) such that ;()= .
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Fig. 1.
2. Graphs with one type of faces
Theorem 2.1. (1) To each of the following face types there exists a unique polyhedral
graph Ga1 ; a2 ; :::; al of type 〈a1; a2; : : : ; al〉.
l=3: 〈3; 3; 3〉; 〈3; 4; 4〉; 〈3; 6; 6〉; 〈3; 8; 8〉; 〈3; 10; 10〉; 〈4; 4; k〉: k¿ 4; 〈4; 6; 6〉; 〈4; 6; 8〉;
〈4; 6; 10〉; 〈5; 5; 5〉; 〈5; 6; 6〉.
l=4: 〈3; 3; 3; k〉: k¿ 3; 〈3; 4; 3; 4〉; 〈3; 4; 5; 4〉; 〈3; 5; 3; 5〉.
l=5: 〈3; 3; 3; 3; k〉: k ∈{3; 4; 5}:
(2) There are exactly two non-isomorphic polyhedral graphs of type 〈3; 4; 4; 4〉 (see
Fig. 1).
(3) For any 〈a1; a2; : : : ; al〉 not listed in (1) or (2) the set Pa1 ; a2 ; :::; al is empty.
Proof. (1) Obviously, all face transitive polyhedral graphs have only one type of faces.
GrEunbaum and Shephard [2] have described symmetries of polyhedral graphs, covering
all face transitive polyhedral graphs.
All polyhedral graphs of the types listed in (1) are face transitive and can be found
in [2], but it is not diHcult to draw such graphs by hand. Constructing them one sees
that these graphs are unique.
(2) The graph G3;4;4;41 (see Fig. 1a) with faces only of type 〈3; 4; 4; 4〉 has no auto-
morphism : ()= , because  is incident with a vertex of degree 4 which has only
neighbours of degree 4 but  is not incident with such a vertex. The graph G3;4;4;42 of
the same type 〈3; 4; 4; 4〉 (see Fig. 1b) is face transitive. It is easy to see that there are
no further polyhedral graphs of type 〈3; 4; 4; 4〉.
(3) Let us assume that G=Ga1 ; :::; al is a polyhedral graph of type 〈a1; : : : ; al〉 and
〈a1; : : : ; al〉 is not listed in (1) or (2).
We make the following claims.
Claim 1. l6 5; because every polyhedral graph contains an l-gon with l∈{3; 4; 5}:
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Claim 2.
(i) v+ f= e + 2;
(ii) lf=2e;
(iii) 3v3 + 4v4 + 5v5 + · · ·=2e
by Euler’s formula; since all faces are l-gons; and by counting edges (respectively).
Claim 3. ♣l: If aj ∈M is odd and appears in {a1; : : : ; al} exactly once; then aj−1 =
aj+1 (al+1:=a1; a0 = al).
Proof. The degrees of the aj neighbours x1; x2; : : : ; xaj (in cyclic order) of a vertex x
of degree aj ≡ 1 (mod 2) are alternately aj−1 and aj+1, therefore we have aj−1 = aj+1.
Claim 4. ivi = sif; where si:=card({j: aj = i; j=1; 2; : : : ; l}) is the occurrence number
of degree i∈M among the aj.
Proof. Walking around a 2xed face ∈F(G) we 2nd vertices of degree i exactly si
times. Thus, by assumption on G, walking around each face once we 2nd vertices of
degree i exactly sif times.
Since a 2xed vertex x of degree i is incident with i faces we have counted x exactly
i times, therefore ivi = sif:
Claim 5.
v=
∑
i¿3
vi =f
(
1
a1
+
1
a2
+ · · ·+ 1
al
)
by Claim 4.
Claim 6. $l: 1=a1 + 1=a2 + · · ·+ 1=al + 1− l=2¿ 0,
f
(
1
a1
+
1
a2
+ · · ·+ 1
al
+ 1− l
2
)
=2
by Claim 2; (i); (ii); and Claim 5.
Claim 7. ♠l: a16 a26 al by the de6nition of the type of G.
Now; we have to consider the three cases l=3; 4; 5.
Case 1: l=3: Let us abbreviate 〈a; b; c〉:=〈a1; a2; a3〉.
♠3 :⇒ a6 b6 c.
$3 :⇒ 1=a+ 1=b+ 1=c − 1=2¿ 0:
With arguments as in Claim 3 we have
♣3: If one of the integers a; b; c is odd then either a= b= c, or the other two are
equal to each other and even.
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Case 1.1: a=3:
1.1.0. b=3: ♣3 ⇒ c=3 (listed, the tetrahedron).
1.1.0. b¿ 4: ♣3 ⇒ b= c ≡ 0 (mod 2).
$3 ⇒ 2=b− 1=6¿ 0 ⇒ b¡ 12 (listed).
Case 1.2: a=4:
1.2.0. b=4: (listed)
1.2.0. b¿ 5 : ♣3 ⇒ b; c ≡ 0 (mod 2)
$3 ⇒ 0¡ 1=4 + 1=b+ 1=c − 1=26 2=b− 1=4⇒ b¡ 8⇒ b=6.
$3 ⇒ 0¡ 1=c − 1=12⇒ [c¡ 12] (listed).
Case 1.3: a=5: $3 ⇒ 0¡ 2=b− 3=10⇒ b6 6
♣3 ⇒ either b= c=5 (icosahedron) or b= c=6 (both are listed).
Case 2: l=4: Let us abbreviate {a; b; c; d}:={a1; a2; a3; a4}.
A consequence of Euler’s formula is the existence of vertices of degree 3, therefore
a=3:
$4 ⇒ 0¡ 1=b+1=c+1=d− 2=3. The case a= b= c=d=3 is listed (cube). In the
sequel, we can assume that at least one of the values b; c; d is at least 4.
Case 2.1: b=3: Consider any 2xed face (quadrangle)  and an edge xy incident
with  with degG(x)= degG(y)= 3: It is easy to see that at least a third vertex incident
with  has degree 3.
〈3; 3; 3; k〉, k¿ 3 (listed).
Case 2.2: b=4: ♠4 ⇒ d¿ b=4; analogous ♣ ⇒ d=4,
$4 ⇒ c¡ 6; 〈3; 4; c; 4〉; c∈{3; 4; 5}, listed.
Case 2.3: b=5:⇒ d¿ 5; analogous ♣ ⇒ d=5,
$4 ⇒ c¡ 4; 〈3; 5; 3; 5〉; listed.
Case 2.4: b¿ 6: a contradiction to $4:
Case 3: l=5: Let us abbreviate {a; b; c; d; e}:={a1; a2; a3; a4; a5}.
Euler’s formula implies a=3; $5 1=b+ 1=c + 1=d+ 1=e − 7=6¿ 0;⇒
(a) None of the integers b; c; d; e is ¿ 6:
(b) At most one of the integers b; c; d; e is ¿ 4:
(c) 〈3; 3; 3; 3; k〉; k ∈{3; 4; 5} are listed.
This completes the proof of Theorem 2.1.
3. Oblique graphs
In the following, we consider polyhedral graphs having no two faces of the same
type.
Theorem 3.1. There are oblique graphs with 9 faces (see Fig. 2). There are oblique
graphs without vertices of degree 4 or 5. (see Fig. 3).
If an oblique graph is given, it is often easy to 2nd another one by adding a suitable
edge (see Fig. 2a → Fig. 4). The resulting graph has one more face. However, we do
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Fig. 2.
Fig. 3.
Fig. 4.
not know how to exhibit an in2nite set of oblique graphs (see remarks at the end of
the paper).
We shall now restrict our attention to triangular polyhedral graphs having only tri-
angles as faces. A consequence of a theorem of Borodin [1] is
There is no oblique triangulation G with v3(G)= v4(G)= 0:
We are able to prove
268 H. Walther /Discrete Applied Mathematics 120 (2002) 263–274
Fig. 5.
Theorem 3.2. There is no oblique triangulation G with v3(G)= 0.
Theorem 3.3. The set of triangular oblique graphs is non-empty (see Fig. 5) and
6nite.
Proof of Theorem 3.2. Let G be an oblique triangulation without vertices of degree 3.
We consider the set X i:={xi1; xi2; : : : ; xivi} ⊂ V (G) of vertices of degree i: vi¿ 1.
For a 2xed j: 16 j6 vi let us consider the i neighbours y1; y2; : : : ; yi of the vertex
x= xij ∈X i in the cyclic order.
Each of the i edges ylyl+1; l=1; 2; : : : ; i; yi+1 =y1 forming a triangle with x is said
to be opposite to x.
(i) No two of the i edges opposite to x are of the same type.
Otherwise G has two faces (triangles) of the same type.
(ii) Let x; x′ ∈X i and let u be an edge opposite to x and u′ an edge opposite to x′.
Then u and u′ are of di9erent type.
Otherwise G has two faces of the same type.
(iii) If M :={m1; m2; : : : ; mk} is the degree set of G; then the number of edge types
is at most ( k+12 ),
because the set of edge types of G is a subset of {〈p; q〉: p; q∈M; 46p6 q}.
(iv) ivi6 (
k+1
2 ) for i∈M ,
because the ivi edges opposite to vertices of degree i are pairwise of distinct types
and the number of edge types is at most ( k+12 ).
(v) 2v4 + v5 =
∑
i¿7;vi¿1(i − 6)vi + 12
is a consequence of Euler’s formula in triangulations together with v3 = 0.
(vi) M = ∅.
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Using (iv) and (v) and the fact that the number of summands on the right-hand side
of (v) is at least k − 3 we obtain
k−3∑
l=1
l+ 126
∑
i¿7;vi¿1
(i − 6)vi + 12=2v4 + v5
6
1
2
(
k + 1
2
)
+
1
5
(
k + 1
2
)
;
which implies(
k − 2
2
)
+ 126
7
10
(
k + 1
2
)
:
It is easy to see that this inequality cannot be satis2ed by any positive integer k.
This completes the proof of Theorem 3.2.
Proof of Theorem 3.3.
Lemma 3.4. An oblique triangulation G with degree set M = {m1; : : : ; mk} has at most
( k+23 ) faces.
Proof of Lemma 3.4. It is easy to see that the maximum possible number of face types
is (
k
3
)
+ 2
(
k
2
)
+ k =
(
k + 2
3
)
:
Corollary 3.5. Let {Gi}i=1;2; ::: be a sequence of oblique triangulations with degree
sets Mi = {mi1; mi2; : : : ; miki}; i=1; 2; : : : . Then we have ki →i→∞ ∞.
Lemma 3.6. Let G be an oblique triangulation with the degree set M = {m1; m2; : : : ;
mk}; then k6 90.
Proof of Lemma 3.6. Assume G is an oblique triangulation with k¿ 91.
Let R:={x∈V (G): degG(x)6 11} be the set of red vertices and let B:={x∈V (G):
degG(x)¿ 12} be the set of black vertices. xy∈E(G): x; y∈R is called a red edge,
xy∈E(G) with x; y∈B is called a black edge.
Fix any i¿ 12 and consider the set
Bi:={x∈V (G): degG(x)= i}= {xi1; xi2; : : : ; xivi}
of the vi¿ 1 vertices of degree i in G. Among the i edges opposite to a 2xed xij ∈Bi
let rij be the number of red edges (obviously r
i
j6 i). Then it is easy to see that the
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number sij of black vertices in the neighbourhood of x
i
j satis2es the inequality
sij¿
⌈
i − rij
2
⌉
; j=1; 2; : : : ; vi; i¿ 12:
How many types of red edges do we have at most? Since there is no edge of type
〈3; 3〉 there are at most the 44 red edge types
{〈a; b〉: 36 a6 b6 11; a=3⇒ b¿ 4}
that means
vi∑
j=1
rij6 44; i=12; 13; : : : :
The number of half edges incident with vertices x∈Bi is ivi:
Therefore at least
vi∑
j=1
⌈
i − rij
2
⌉
¿max
{
0;
⌈
ivi
2
⌉
− 22
}
edges have one end-vertex in Bi and the other in B.
The number of edges in the subgraph H of G induced by the vertices of B is on
the one hand
|E(H)|¿ 1
2
∑
i¿12
max
{
0;
⌈
ivi
2
⌉
− 22
}
and on the other hand,
|E(H)|6 3(|V (H)| − 2)=3
∑
i¿12
vi − 6
because H is a planar graph. Both inequalities together yield
♦
∑
i¿12
max
{
0;
⌈
ivi
2
⌉
− 22
}
6 6
∑
i¿12
vi − 12:
Let us abbreviate
(i:=6vi; )i:=max
{
0;
⌈
ivi
2
⌉
− 22
}
and estimate maxvi¿1 ((i − )i); i=12; 13; : : : :
126 i6 13: maxvi¿1 ((i − )i)= ((i − )i)vi=4 =22; 20; resp:
146 i6 18: maxvi¿1 ((i − )i)= ((i − )i)vi=3 =18; 17; 16; 14; 13; resp:
196 i6 22: maxvi¿1 ((i − )i)= ((i − )i)vi=2 =12
236 i6 28: maxvi¿1 ((i − )i)= ((i − )i)vi=2 =11; 10; 9; 8; 7; 6; resp:
296 i6 44: maxvi¿1 ((i − )i)= ((i − )i)vi=1 =6
456 i6 56: maxvi¿1 ((i − )i)= ((i − )i)vi=1 =5; 5; 4; 4; : : : ; 1; 1; 0; 0; resp:
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This yields
56∑
i=12
((i − )i)6 345
for i¿ 57 we have (i − )i ¡ 0. We can then estimate
:(H)∑
i=57;vi¿1
()i − (i)¿
:(H)∑
i=57;vi¿1
(⌈
ivi
2
⌉
− 6vi − 22
)
¿
:(H)∑
i=57;vi¿1
((
i
2
− 6
)
vi − 22
)
¿
:(H)∑
i=57;vi¿1
((
i
2
− 6
)
− 22
)
=
:(H)∑
i=57;vi¿1
(
i − 56
2
)
¿
k−54∑
i=1
i
2
=
1
2
(
k − 53
2
)
with k being the number of di1erent valencies of G. The inequality ♦ becomes
06 6
∑
i¿12
vi − 12−
∑
i¿12
max
{
0;
⌈
ivi
2
⌉
− 22
}
=
∑
i¿12
((i − )i)− 12
=
56∑
i=12
((i − )i)−
:(H)∑
i=57
()i − (i)− 12
6 345− 12− 1
2
(
k − 53
2
)
6 333− 1
4
(k2 − 107k + 2862)
¡ 0
if k¿ 91: This is a contradiction and Lemma 3:6 is proved.
Now the proof of Theorem 3.3 is a consequence of Lemma 3:4.
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Fig. 6.
Fig. 7.
4. Remarks and open problems
• Let us consider another face type concept:
Let ∈F be an l-gon.  is of type [a1; a2; : : : al]; a16 a26 · · ·6 al if the ver-
tices incident with  can be arranged x1; x2; : : : ; xl in such a way that
deg(xi)= ai; i=1; 2; : : : ; l:
We look for polyhedral graphs with only one [..]-face type.
In case of l∈{3; 5} there is no di1erence between 〈::〉-type and [..]-type. It is not
diHcult to see that except the graphs listed in Theorem 2.1 there are exactly 4
further polyhedral graphs with only one [..]-face type (see Figs. 6–9).
It is easy to see that the two graphs Gi[3;4;4;5]; i=1; 2 of type [3,4,4,5] are not
isomorphic. The 2rst one contains 2 vertices of degree 5 all its neighbours have degree
4, the second one contains 7 vertices with this property.
• It is easy to see that there is no oblique graph consisting of pentagons only.
• After submitting this paper it has been proved that the number of oblique graphs
is 2nite, too [3], and the minimum number of faces of an oblique graph is 8.
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Fig. 8.
Fig. 9.
• The following questions remain open:
1. Is there an oblique graph G with v3(G)= 0?
2. Are there quadrangular oblique graphs?
3. Do we have vi¿ 1; i=3; 4; 5 for arbitrary oblique triangulations?
4. What is the greatest integer k such that there is an oblique triangulation with
k di1erent degrees ?
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